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Optimization of Structures Based on Fracture Mechanics
and Reliability Criteria

EWALD HEER* AND JANN-NAN YANG!
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, Calif.

Spacecraft structural systems and subsystems are subjected to a number of qualification
tests in which the proof loads are chosen at some level above the simulated loads expected dur-
ing the space mission. Assuming fracture as prime failure mechanism, and allowing for time
effects due to cyclic and sustained loadings, this paper treats an optimization method in which
the statistical variability of loads and material properties are taken into account, and in which
the proof load level is used as an additional design variable. In the optimization process, the
structural weight is the objective function whereas the total expected cost due to coupon
testing for material characterization, caused by failure during proof testing, and due to
mission degradation is a constraint. Numerical results indicate that for a given expected cost
constraint, substantial weight savings and improvements of reliability can be realized by
proof testing.

Nomenclature

Vj = jih volume element
a3 = flaw size in Vj
RJ = critical resisting stress of Vj
Sj = applied stress normal to the plane of ay
Xn,xo,k = parameters of Weibull distribution
v = unit volume
Rju = uniaxial tensile strength of Vj
R = initial resisting strength of the structure
S = applied load to the structure
#/i»0j2 = function of spatial coordinates such that S<f>ji and

S<f>ji are analyzed principal stresses at Vj
<£i,</>2 = function of spatial coordinates
Vc = coupon volume
Rc = uniaxial tensile strength of coupon specimen
W(n) = function representing cycles to failure
U(t) = function representing time to failure
Ro = structural resisting strength after passing proof test
R(n) = structural resisting strength after n loading cycles with

amplitude Se
R(T) = structural resisting strength after the application of

Ss for a period of time T
SQ = proof load
Ss = amplitude of cyclic loading
Sc = magnitude of sustained loading
FRO(X) = distribution function of RQ
FR(X) = distribution function of R
PQ = probability of structural failure under proof load So
PC = probability of structural failure under n cycles of Sc,

after surviving proof load SQ
PCS — probability of structural failure under sustained load-

ing Ss for a period of time T, after surviving cyclic
loading Sc

ps = probability of structural failure under sustained load-
ing Ss for a period of time T, after surviving proof
load SQ

EC = expected cost of the entire system
Ed = expected cost of the iih structural subsystem
«i = Soi/Ri = proof testing level
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d — cost of coupon tests for the iih subsystem
qi = expected number of the iih subsystem failing under

proof load Soi
Coi = cost of loosing one iih subsystem under proof load SM
p/i = probability of failure of the iih subsystem during the

mission
Cf = cost of mission degradation
SM = proof load for the iih subsystem
Ri = resisting strength of the iih subsystem
S{ = applied stress to the iih subsystem
Ri = mean value of Ri
Si = mean value of Si
vi = Ri/Si = central safety factor of the ^th subsystem
Pot = probability of failure of the iih subsystem under

proof load SM
OLi = C0i/Cf

Bi = constant parameter indicating the rate of increase of
coupon test cost

ft = Bi/Cf
EC* = EC/Cf
Ed* = ECi/Cf
ECa* = maximum relative expected cost constraint
Gi = weight of the rth subsystem
G = weight of the entire system
h — thickness of the pressure vessel
fic = mean value of Rc
O-RC = coefficient of variation of Rc
R = mean resisting strength of the entire system
€i* = optimum proof testing level for the ^th subsystem

I. Introduction

^PACECRAFT structural systems and subsystems are
^ subjected to a number of qualification tests, where the
structural components have to withstand specified environ-
ments (proof loads) which are intended to simulate the var-
ious types of induced stresses at some level above those ex-
pected during the space mission. The purpose of these proof
tests is to eliminate those structures or structural components
which are too weak.

It is clear that after the structural system or subsystem has
passed the proof load tests, its statistical strength characteris-
tics have radically changed. For instance, assuming neg-
ligible time effects during proof stress application, the statis-
tical strength distribution, at the particular point under con-
sideration in the structure after the test, will be truncated at
the lower end up to the proof stress level. A similar state-
ment holds for the proof load applied to a structure as a whole
and the resulting truncated over-all structural strength dis-
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Fig. 1 Typical load and strength distributions.

tribution. This truncation eliminates, through the proof
test, precisely that portion of the strength distribution which
is least known and which has the greatest interaction with the
applied load distribution (see Fig. 1). Reference 1 explores
some implications of screening out weak elements with a
proof test, when the proof stress distributions are similar,
dissimilar and identical to the applied stress distributions
and it studies also some simple aspects of optimum designs.

Reference 2 introduces the proof load test level as a design
parameter. It is shown that the choice of the proof load test
level considerably influences the reliability of the structure,
and that in the associated optimization problem, with weight
as the objective function and total expected cost as con-
straint, an optimum proof load test level can usually be ob-
tained with an increase of reliability and a decrease in weight
as compared to conventional optimum designs where the proof
load has not been considered in the reliability evaluation.
In that investigation, the expected cost includes the expected
cost of mission failure due to structural failure plus the ex-
pected cost of failed subsystems (or components) during proof
load testing.

Frequently the optimum proof load test level is consider-
ably different from the mean structural strength. Since the
probability density function of the structural strength is
usually only known with certain degree of confidence close to
the mean strength, it would be necessary, in such cases, to
establish, through extensive specimen testing, the strength
density functions at points far apart from their mean values.
This can add substantial additional costs to the over-all
evaluation process if this information is not available.

In Ref. 3, this additional cost item has been allowed for by
assuming a linear increase of testing cost with an increase of
the difference between mean strength and proof test level.
The effect of this additional cost is an increasing tendency to
reduce the difference between mean strength and proof load
test level as this additional testing cost is increased.

In this paper, which includes the essential aspects of Ref. 4,
a similar approach as in Ref. 3 is taken in the optimization
process by also including in the expected cost constraint, the
cost of establishing the truncated strength distribution func-
tion by specimen testing. Fracture mechanics dealing with
essentially brittle fracture has been chosen here as an area of
application, since fracture mechanics design, as compared to
other structural design approaches, where considerable bulk
yield occurs before failure, tends to be more susceptible to
statistical strength variations. The wide scatter of the results
of tests leading to failure is assumed to be an inherent prop-
erty of the material and is treated as such for the purpose of the
present paper which intends to investigate trends of behavior
rather than absolutes. A detailed discussion of various prob-
ability models for the characterization of material properties
and their implications with respect to specimen size has been
given in Ref. 5. In addition, the present paper also includes
volume effects and allows for time effects, such as fatigue due
to cyclic loading and flaw growth due to sustained loading.

In spacecraft structural design, fracture mechanics con-
cepts can be most readily and meaningfully applied to pres-
sure vessel subsystems. In this paper, detailed consideration,
by example, is given to pressure vessel design optimization,
although the concepts put forth are equally applicable in
other areas of design. As will become apparent from this in-
vestigation, this approach tends to become more meaningful
as the systems, subsystems and components become less ex-
pensive relative to the over-all project cost.

II. Statistical Aspects of Fracture

Fracture mechanics treat failures that occur because of
the presence of existing, or during loading induced, flaws in
the material. The stress intensifications under load applica-
tion which occur at the edges of a flaw correspondingly in-
crease locally the stored energy. If this stored energy just
ahead of the flaw tip becomes larger than the energy needed
to create the new surfaces resulting from an extension of the
flaw tip, then the flaw increases until energy balance has been
restored, see Refs. 6-8. If the applied stress is high enough,
or of additional energy in some other form is applied, the energy
balance at the flaw tip will not be restored and catastrophic
failure will occur. This phenomena is, in principle, com-
mon to all fracture failures, although the stress levels causing
fracture depend on many parameters describing flaw location,
flaw shape, environmental characteristics, loading history,
and so forth.9

Let the structure be subdivided into small material volume
elements, each containing one flaw. The size of the flaw in
the^th volume element Vj is described by a parameter a/ which
is related to the resisting stress R3 and the applied stress $,-
normal to the plane of the flaw by

R. = Acar112; Si = Aar112
(1)

where Ac is a constant describing parametric conditions at the
critical state Sj = Rj, and A describes these conditions for
Si < RJ.

Whereas, for given conditions, Ac is reasonably constant,
the flaw sizes, and hence the resistances R3, typically exhibit
wide statistical variations. Thus, knowing the statistical
characteristics of the flaw sizes, the statistical properties of
the corresponding resistances can be computed using Eq. (1).
However, present state of technology does not allow, except
in trivial cases, the direct measurement of the statistical dis-
tribution of the flaw sizes. In this paper the statistical dis-
tributions of the resisting stresses are determined from results
of uniaxial tensile tests of specimens, henceforth referred to as
coupon tests. The statistical properties and the results of
such coupon tests were investigated extensively.10^12

Without essential loss of generality, a two-dimensional
stress field (plane stress), as associated with thin-walled
structures commonly used in space applications, is assumed in
the following.

Let R and S be, respectively, the resisting strength of the
structure and the applied load, and let S<t>n and $<£/2 be the
analyzed principal stresses at Vj due to the application of S,
where <j>ji and </>/2 are functions of the spatial coordinates and
stiffness properties defining the structure. It is assumed that
the strengths of the volume elements are statistically inde-
pendent and identically distributed and that the angular
orientations of the flaws are uniformly distributed between 0
and 7T/2. It is further assumed that the mean angular value
7T/4 can be used as an approximation. The following experi-
mentally verified Weibull distribution; Refs. 1, 5, and 10-12,
can be used for the uniaxial tensile strength Rc of the coupon
specimen with volume Vc :

FRc(x) = 1 - exp{-(Vc/v)[(x - (2)

where x^ XQ and k are parameters characterizing the particular
material, and v is the unit volume. The estimation of xu, XQ
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and k in Eq. 2 can be obtained from the results of coupon
tests, for instance, by the method of moments using the
standard procedures.

The distribution function of the uniaxial tensile strength
RJU of the jth volume element follows from Eq. (2), Refs. 1,
5 and 10-12,

FRju(x) - exp{- (3)

Hence, the distribution of the structural resistance R can be
shown, Ref. 9, as

FR(S) = 1 - H exp "V'[~ XQ
(4a)

n + >
with the approximation

fa) > x»
For a spherical pressure vessel, as example, in which ap-

proximately fa = fa = <f> = constant, the distribution func-
tion of the vessel strength becomes

(5)

in which V is the total material volume of the pressure vessel.
It follows from Eqs. (4) and (5) that the distribution func-

tion of the strength of the entire structure is also a Weibull
distribution.

Fig. 2 Typical
load history for
pressure vessels. r\

TIME

cycles with amplitude Sc can be derived from Eqs. (1) and (6)
in the following form:

R(n) = Sc/W[W-i(Sc/Ro) - n] for W^(SC/RQ) - n > 0
= 0 O.W. (9)

where RQ is the structural strength after proof load applica-
tion. Similarly, using Eqs. (1, 7 and 9), the deteriorated
strength after application of the sustained load with ampli-
tude Sa for a time period T following application of n loading
cycles with amplitude Sc is

R(T) = S./U{U~l[S./R(n)] - T} for 1 > S./R(n) > b

R(n)
0

for 6 > Ss/R(n)
O.W.

(10)

In Eqs. (9) and (10), W~1(x) and U~l(y) are the inverse func-
tions of W(x) and U(y) in Eqs. (6) and (7), which represent
nothing but the number of cycles to failure associated with
SC/RQ = x and the time to failure associated with Ss/R(ri) =
y, respectively. Similar expressions as those in Eqs. (9) and
(10) can be derived if the loading sequence of Sc and S8 is
interchanged.

III. Time Effects

Complicated histories of structural loads usually are mix-
tures of proof loads, cyclic loads and sustained loads. A sim-
plified typical load history for pressure vessels is shown in
Fig. 2. During cyclic and sustained loading above a certain
threshold value, subcritical flaw growth is expected. In this
paper, it is assumed that the time relationships of these sub-
critical flaw growths are representable by deterministic rela-
tions which are determined experimentally from tests on pre-
flawed coupons by varying both the flaw size and the applied
stress. The changes of the following ratios for the cyclic and
the sustained cases, respectively, can be written in the general
form,9

.i/R.f = U(t) (7)

in which SCj and SSj are, respectively, the applied stresses due
to cyclic and sustained loading. RCJ and R8] are the cor-
responding strengths of the jth volume element before the
application of SCJ> and /S8/, and n indicates the number of
cycles and t the time to failure. W(n) and U(t) are mono-
tonically decreasing functions of their arguments.

The function U(t) usually has a characteristic shape which
can be approximated by an exponential decay to the threshold
value b as follows:

U(t)-= (8)

where r is a parameter and r a characteristic time, t is the
time to failure in logscale.

In this paper the justifiable assumption, Ref. 9, is made
that subcritical flaw growth, i.e., the time dependent de-
terioration of structural strength, under a short duration
proof load test is negligible. Considering then the loading
history shown in Fig. 2, as well as the weakest link hypothesis
the deteriorated strength of the structure after application of
the proof load $0, and then after application of n loading

IV. Probability of Failure

Those structures which have passed the proof load test are
to be used in actual mission applications. The original
strength distribution for these vessels has been changed by the
proof load test. This must be accounted for in the reliability
evaluation. If RQ is the structural strength after the applica-
tion of the proof load /So, then the structural strength distribu-
tion is given by the conditional probability

ET / \ r>m ^ ID ̂  o iFRo(x) = P[R < x\R > S0] =

Use of Eq. (4) gives

- FR(So)
ffor x >

(11)

for + fa) > S0(<t>i + fa) >

Eq. (12) is valid when x(fa + fa) is proportional to So(<£i +
fa). If this proportionality does not hold, the strength dis-
tribution, after application of So, is given by

- exp
l f—Jv

for x(4>i + fa) > >

For the sake of simplifying the algebra, Eq. (12) is used in
the following without essential loss of generality. The prob-
ability of structural failure, pQ, due to the proof load SQ follows



624 E. HEER AND J.-N. YANG AIAA JOURNAL

then from Eq. (3) as

dv

(14)

Let PC be the probability of structural failure due to n
cycles of the cyclic load Se after So has been applied, and let
pC8 be the probability of structural failure due to the sus-
tained load S8 for a period of time T, given that the structure
has survived Sc. Then, it follows from Eqs. (6) and (7) that

PC = P(SC/R0 > W(n)] = f°° FRo (^/r^) fsc(x) dx (15)•Jo \W(n)/
and

PCS = P[S./R(n) > U(T)|fi(n) > 0] =

(16)

In Eqs. (15) and (16) fSe(x) and f8g(x) are, respectively, the
probability density functions of Se and Ss, and FRO( .) is given
byEq. (12).

The conditional distribution function FR(n)(x/U(T) \R(ri) >
0) of R(n) given R(ri) > 0 can be obtained from Eq. (9) as
follows:

- p

+ n. fsMdy

(17)

Substitution of Eq. (17) into Eq. (16) yields

X oo /• oo / y \

) Jo **\W{W-*1yU(T)/x] -h~^}/ X

fsc(y) fss(c)dydx (18)
in which it should be realized that FRo(x) = 0 for x < SQ.

The probability of structural failure due to the application
of sustained loading Ss for a period of time T after passing the
proof load test, i.e., without applying the cyclic loading SCJ is

ps = P[S8/Ro > U(T)} = " FRo (19)

The probability of failure psc due to n cycles of Se given that
the structure has survived S8 for a period T after the applica-
tion of So, can be obtained in a similar fashion as the prob-
ability of failure pcs.

V. Optimization

Obtaining the best possible performance, or the least pos-
sible cost, or the least possible weight, etc., is an integral part
of every structural design. The optimization task is to find
the values of the controllable parameters, subject to the
various constraints, that make a desired objective function an
extremum. In this paper, the objective function to be opti-
mized is the structural weight or the statistically expected
cost, i.e., the mean cost due to coupon testing, proof testing,
and mission degradation. The structural weight is expres-
sible in terms of the physical parameters such as density and
structural dimensions, and the cost items are expressible in
terms of the proof load test levels, as well as the physical
parameters. It is the objective of the present optimization
process to determine those proof load test levels and physical
parameters which yield minimum expected cost, or which
yield minimum weight subject to an expected cost constraint.

Coupon testing has, as its prime purpose, the characteriza-
tion of the statistical strength properties of the structural
material. The efforts and costs which must be expended in
order to establish, with sufficient confidence, the material
strength distributions for one or more environmental condi-
tions can be substantial. In particular, if this information is
required at the tail end of the distributions, the number of
coupon tests and the associated cost soon becomes intolerably
high. Thus, in the over-all cost picture, the required ex-
penditures for material characterization should be taken into
account.

As can be seen from Eq. (12), the truncated structural
strength distribution, FRo(x), after the application of the proof
load, is zero for strength values less than So. Thus the lower
tail of the original strength distribution FR(x) does not give
any contribution to the probability of failure. The upper
tail of the truncated strength distribution contributes to the
probability of failure depending on its relative interaction
with the upper tail of the load distribution. Since the inter-
action between load and strength distribution is of a general
form, as shown in Fig. 1, the upper tail contribution to the
probability of failure diminishes very quickly with increasing
distance away from the mean strength. Thus, the greatest
contribution to the probability of failure during service stems
from the region close to the proof load. Since the determina-
tion of the probability of failure with certain confidence re-
quires knowledge of the distribution functions of the load and
of the truncated strength R0, it can be inferred that the re-
quired cost of coupon tests to enable the determination of the
probability of failure with certain confidence is strongly de-
pendent on the proof load level. This cost will be called
coupon testing cost or material characterization cost. If dif-
ferent structural subsystems are used with differing materials,
the total coupon testing cost is the sum of the characterization
costs for each material.

The expected cost due to proof testing is the statistically
expected cost of structural testing in which one structure after
another is tested at a certain proof load level, until a structure
is obtained which passes the applied proof load. This cost in-
cludes the cost of the structures after their completion plus
the actual cost of proof testing. This structural qualification
cost is also strongly dependent on the proof load test level as
can be easily seen from Eq. (14). It should be recalled that the
term structure refers here to structural subsystems such as
struts, pressure vessels, etc., and that the structural system,
such as a spacecraft structure, may consist of more than one
subsystem. If a number of structural subsystems require
qualification, then the total proof testing cost is the sum of the
statistically expected costs due to proof testing for each sub-
system.

From a structural utilization point of view, it is not only
important to consider the costs of coupon testing and proof
testing, but also the cost which will be incurred if the struc-
ture fails during the time of its use. In space applications,
this cost may range from cost of total mission loss to neg-
ligibly small cost, depending on whether structural failure
occurs at the beginning of a mission or after the mission ob-
jectives have been fulfilled, and depending on whether struc-
tural failure causes complete destruction or only some mission
degradation. The statistically expected value of this cost,
which will be called mission degradation cost, is the product
of the actual cost of mission degradation times the prob-
ability of occurrence of this degradation, which is the prob-
ability of structural failure.

From the aforementioned remarks, the total statistically
expected cost, EC, for n structural subsystems is the sum
of the statistically expected costs, Ed, for each ^th struc-
tural subsystem and can be written as

EC = X) EC*
i=l

(20a)
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Ed = d(€i) + g,-(et-)Coi + pfi(ei,Vi)Cf (20b)

where the three terms on the right hand side of Eq. (20b)
represent coupon testing cost, proof testing cost and mission
degradation cost, respectively, of the ith subsystem. The
proof test level €i for the ith structural subsystem is the ratio
of the proof load S0i to the mean structural strength Ri; d is
the coupon testing cost for the ith structural subsystem; qi
is the expected number of the ith structural subsystem failing
before the one surviving the proof load is obtained; C0; is the
cost of loosing one of the ith structural subsystem during
proof load; C/ is the actual cost of mission degradation;
p/i is the probability of structural failure of the ith structural
subsystem during the mission. The approximation of the
summation sign for the mission degradation cost in Eq. (20)
is on the conservative side.2'3 It follows, from the develop-
ments in the previous section, that pfi is not only a_function of
€,- but also of the central safety factor, Vi == Ri/Si, which is
the ratio of mean strength Ri to mean load Si, or of some other
central measure of location. It should be noted that Vi is
numerically different from the conventional safety factor,
which is usually based on percentiles of Ri and Si} but plays,
in principle, the same role.

The equations in Sec. IV are valid for any ith structural sub-
system. Since >S0; = 6iRi, the probability of failure p0i of the
ith structural subsystem due to the proof load S0i given by
Eq. (14) can be expressed in terms of et. It can be shown that

/ \ _ f\ f \/\~\ ^ ^ ^ ^01 ̂

which gives the functional dependence of qi on ez.
The coupon testing cost requires some explanation. Note

that it is the subsystem which is subjected to proof testing
thus truncating the original subsystem strength Ri into R^.
Since the distribution of Ri and hence the distribution of R0i
are derived from the distribution of the coupon strength Rci
for the ith subsystem, i.e., Eq. (2), and since only the strength
distribution function associated with the strength value
Ri > Soi, i.e., Roi is needed in evaluating the probability of
failure, it is necessary to establish the coupon strength dis-
tribution, with certain statistical confidence, only for those
coupon strength values Rci > SCi with Sci being the value as-
sociated with the truncation point $0; (or proof load) of the
subsystem strength. Let e; be the ratio of Sd to the mean
coupon strength Rd for the ith subsystem, i.e. e; = Sd/Rd-
The functional dependence of d on e,- should be such that d is
increasing with increasing absolute difference between €t and
1, i.e., with \€i — l|. Thus et should be expressible as a func-
tion of e; so that d in Eq. (20) can be written as a function of
Ct. In this paper, the following assumptions are made: 1) In
the Weibull distribution, the parameter xu is equal to zero,
and 2) in Eq. (4), for each ith structural subsystem the ex-
pression (#! -f <£2) is independent of the space coordinates.
Although the first assumption is not particularly restrictive,
the second assumption implies a homogenious stress field
within each structural subsystem. With these two assump-
tions, and using Eqs. (3) and (5), it can be easily shown that

It is now assumed that the coupon testing cost for the ith
structural subsystem can be approximated by an expression
of the following form, Ref. 3;

where Ai is the minimum cost of coupon tests necessary for
the determination of the mean value of coupon strength with
certain confidence. Bi and mt are constants, and 6; is a con-
stant which may take different values 8i+ and di~* for e; > 1
and €i < I, respectively.

If €»• < 1, the significant part of the truncated strength dis-
tribution for the evaluation of the probability of failure is
located between the proof load level and the central portion of
the strength distribution, whereas, if e; > 1, the significant
part lies beyond the central portion of the distribution. To

establish the strength distribution with certain confidence,
this suggests that a larger sample of coupons is required if
€i > 1 as compared to et- < 1 for the same value |e; — l|.

Dividing Eq. (20) through by C/ and considering the previ-
ous remarks, the total relative expected cost EC* — EC/C/
and the relative expected cost for the ith subsystem Ed*
= Ed/Cf, becomes

EC* =

Ed* = on + difa\ei - l\

(23a)

(23b)

where on = A.-/C/, fa = Bi/Cf and 7* = Coi/Cf. Note that
Pi and ji indicate the relative importance of the ith subsys-
tem with respect to the actual cost of mission degradation if
the ith subsystem fails and these values are the important
parameters in the optimization process as will be shown later.

The optimization problem can now be stated as either to
minimize the structural weight subject to a constraint on the
relative expected cost given in Eq. (23), or to minimize the
relative expected cost EC*, subject to a constraint on the
structural weight. Both approaches are essentially the same.
In this paper, the optimization problem is stated as follows:

Minimize the total structural weight G subject to the maxi-
mum expected cost constraint EC* < ECa*.

The objective function

G=

with Gi being the ith subsystem weight, can be written as a
linear function of the design variables hi, i = 1,2, . . . ,n,
where hi may, e.g., represent the cross-sectional area of the ith
subsystem strut or the thickness of the ith subsystem pres-
sure vessel, thus

G= (24)

where the 0; represent functions of physical and geometrical
parameters of the ith subsystem.

It is emphasized that if the proof load test is not per-
formed or is not considered, i.e., if all #*(e,-) = 0, and if the
material properties are well known to engineers so that coupon
tests are not needed, i.e., if all on = fa = 0, then the maxi-
mum constraint ECa* becomes the maximum constraint of the
probability of failure, and the problem reduces to the optimum
design based on reliability constraint criteria which was dis-
cussed in the literature, e.g., Refs. 13-18.

Since there is only one constraint, Eq. (23), and the objec-
tive function is linear, in hi, the constraint is always active,
i.e., at optimum, the equality sign should hold in the con-
straint. Note that the central safety factor Vi in Eq. (23) can
be expressed as a function of hj, j = 1,2,.. .,n, i.e. Vi =
Vi(hifa,... ,hn). The summation sign for the mission degrada-
tion cost in Eq. (20) assumes that the failure of each subsys-
tem is statistically independent. Then with the method of
Lagrangian multipliers, one can show that at optimum the
following equations hold

<)Ed*/c>6i = 0; i = 1,2,... ,n (25a)

EC* = ECa* (25b)
Eq. (25) states that for an optimum structural weight, the
proof load level e;, to be applied to the ith structural subsys-
tem should also be optimum in the sense that corresponding to
a given safety factor v;, the relative expected cost should be
minimum at that level.

As for the optimization technique for statically indeter-
minate systems, or for cases where the failure of the sub-
systems is statistically dependent, gradient move methods
can be employed. This has been discussed in the literature,
e.g., Refs. 2 and 18.
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Fig. 3 Relative expected cost EC* as a function of proof
stress level e; load distribution is normal with coefficient
of variation 0.02 and strength distribution is truncated

Weibull with coefficient of variation 0.10.

VI. Numerical Example

A 20-in.-diam spherical pressure vessel is designed to sus-
tain after proof testing an internal pressure S8 for 360 hr.
The weight of the vessel is to be minimized for an appropriate
choice of proof load level e (or $0) and vessel wall thickness h
in such a way that the total relative expected cost EC* does
not exceed a certain assigned value ECa* (constraint). The
sustained pressure_is assumed to have a Gaussian distribution
with mean value S* = 1000 psi and 2% coefficient of varia-
tion. (Since only one subsystem is considered, the subscripts
i are dropped.) It is assumed that the material is titanium
T1-61A-4V and that the coupon strength has a Weibull dis-
tribution with a mean value of Rc = 160,000 psi and co-
efficient of variation of 10%, with a coupon size of 8-in. long,
|~in. wide and -^-in. thick. Based on the remarks of the last
section, it is further assumed that in Eq. (22) 5~ = 1 for
e < 1 and d+ = 2 for e > 1, and m = 1. The vessel is to be
designed for room temperature at which the parametric
values in Eq. (8) for U(t) are b = 0.5, r = 0.5 and T = 0.713.
The stress field is assumed so that fa = fa = <t> = constant.

The Weibull distribution for the coupon strength is given
in Eq. (2) from which, it follows that

and
Rc = 3aT(l + l/k)/(Vc/v)1/k (27)

where aRc is the coefficient of variation of the coupon strength
equal to 0.1; and Rc is the mean coupon strength equal to
160,000 psi. Hence, the parameter k can be evaluated from
Eq. (26), and then XQ can be computed from Eq. (27).

Following the discussion in the previous sections one ob-
tains:

R = T i l +- ) ; <£ = d/4h; v

vS8d(wd2yik 1 */<*-«

(28)

(29)

<Z(<0 = Po(€)/[l - po(e)] = exp{ [€r(l + I/*)]*} - 1 (30)
in which the diameter of the vessel, d = 20 in., the vessel
material volume, V = ird2h, and the proof load level, e =
So/R with So being the proof load.

Using Eq. (19) and preceding equations, and making an
appropriate transformation, the probability of vessel failure
Pf due to S8 after the vessel passed the proof-test, can be put
in the following form

/ 1 (xv - IV)r 2 (-^r) )wx

U(T)

in which <r8 = 0.02 is the coefficient of variation of S8, U(T) is
given in Eq. (8) with T = 360.

In this particular example, for one subsystem, Eq. (23) be-
comes

EC* = a + dft\e - 1 + g(e)7 + (32)

The optimum values of v and e can now be determined from
the following two equations

t>EC*/*e = 0; EC* = ECa (33)

The relative expected cost EC* in Eq. (32) is plotted as a
function of e for different values of 7 and ft with q(e) and
p/(e,v) being given by Eqs. (30) and (31). These plots are
shown in Fig. 3 for a particular value v = 2.1. The constant
value a in Eq. (32) has been disregarded in these figures,
since it has no effect on the optimization process. Including a
nonzero value for a would give to the plots a corresponding
shift parallel to the EC* axis.

Those values of e for which EC* becomes minimum for a
given v are denoted by e*. The solution space of the opti-
mum design, Eq. (33), can then be constructed by plotting the
locuses of e*, such as Fig. 3, for different values of v as shown
in Fig. 4. This figure is the extended version of Fig. 3, and is
referred to as the optimum design space.

The optimum design procedure can now be summarized as
follows:

1) Construct the optimum design space, e.g., Fig. 4. 2)
Read v and e* from the optimum design space constructed in
step 1. for specified constraint ECa* and given, values of 7
and ft. 3) With the safety factor v obtained in step 2, the
optimum (minimum) thickness h of the vessel or the mini-
mum weight G can be determined from Eq. 29.

Suppose the relative expected cost EC* is to be minimized
subject to the constraint on the vessel weight (or safety factor
Va), the relationship of the first equation of Eq. (33) is still
valid while the second should be replaced by v = va. Hence,
the minimum relative expected cost design can be obtained
either by plotting EC* as a function of e for given ft,y and
constraint va, such as Fig. 3, to find e* and minimum EC*, or
by reading e* and minimum EC* directly from the optimum
design space constructed previously, for a specified constraint
va and given values of 7 and ft. Numerical results for three
specific cases are given in Table 1.

It should be noted that if the proof load test is not per-
formed or not considered, i.e., q(e) = 0, and if the material
property is well known so that the coupon tests are not
needed, i.e., a = ft = 0, then, the maximum constraint ECa*
on the relative expected cost becomes the maximum con-
straint on the probability of failure. The problem reduces
then to the optimum design based on the reliability criteria.
This design is termed as "Standard Optimum Design" in Table
1.

(3D

0.7 0.8 0.9 1.0 1.1 1.2 1.3 < 7 0.8 0.9 1.0 1.1 1.2 1.3 0.7 0.8 0.9 1.0 1.1 1.2 1.3

Fig. 4 Relative expected cost EC* as a function of opti-
mum proof stress level e*; load distribution is normal with
coefficient of variation 0.02 and strength distribution is

truncated Weibull with coefficient of variation 0.10.
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Table 1 Optimum design of pressure vessel (h in in., So in psi)

627

io-7
10~5 10~4

Standard
optimum

design

ECa* =
h, in. (thickness)
e*
So(psi)
v
Pf

0.1869
1.11634
2130
1.0982
0.7934 X 10~7

0.0

0.2086
1.00845
2128
2.1104
0.4787 X 10~7

0.2472
0.8568
2113
2.4668
0.4223 X IO-7

0.300
0.70928
2089
2.9450
0.706 X 10~7

0.6311
0.0
0.0
5.8300

h, in.
e*

ECa

Pf
a* = IO

h, in.
e*
So(psi)
v
Pf

0.1746
1.179
2113
1.7925
0.174 X

0.1661
1.2172
2090
1.713
0.374 X

io-6

10~4

0.1852
1.114
2108
1.8926
0.177 X

0.1727
1.179
2094
1.775
0.2115 X IO-4

0 = IO-5

0.2065
1.0091
2110
2.091
0.472 X

0.1833
1.116
2091
1.874
0.1242 X 10~4

0.2447
0.850
2088
2.444
0.72 X 10-«

0.2042
1.008
2087
2.07
0.5731 X 10~5

0.5134
0.0
0.0
4.8238
io-5

0.4176
0.0
0.0
3.99
io-4

h, in.
e*
So(psi)

Pf
ECa* =

h

So(psi)
v
Pf

0.1765
1.169
2117
1.81
0.1042 X

0.1665
1.2170
2088
1.716
0.34X 10~4

0.1870
1.096
2093
1.91
0.8236 X 10~6

0.1728
1.178
2092
1.776
0.1642 X 10~4

0.2066
1.0086
2110
2.092
0.4639 X 10~6

0.1834
1.115
2090
1.876
0.1207 X 10-

0.2484
0.8510
2089
2.477
0.6941 X

0.2042
1.008
2087
2.07
0.573 X

ECa* = 0.5 X 10~4

h
e*
So(psi)

0.1734
1.1865
2114
1.781

0.1807
1.138
2104
1.850

0.1920
1.073
2098
1.960

0.2158
0.9594
2090
2.178

ECa*

Pf

= io-4

h
6*

So(psi)
v
Pf

0.176 X 10~5

0.1671
1.216
2090
1.7218
0.1 X IO-4

0.349 X 10~5

0.1744
1.170
2094
1.791
0.1277 X IO-4

0.358 X IO-5

0.185
1.107
2093
1.891
0.93 X 10~5

0.253 X

0.2042
1.008
2087
2.070
0.574 X

io-5

io-5

VII. Discussion and Conclusion

Using Eq. (32), one obtains for different 7 curves of the
relative expected cost EC* vs proof load level e for different ft
and for different safety factors v. Fig. 3 shows representative
curves for four 7 values, three ft values and a particular
safety factor v = 2.1. In Fig. 3, the relative expected cost
EC* changes very little for e less than approximately 0.85.
For other safety factors, EC* behaves similarly, indicating
that there is no pay-off in conducting proof testing below a
certain value of e. In all three cases, ft = 0, ft = 10 ~5 and
ft = 10~4, the optimum proof load levels are in the vicinity of
e = 1.0 with a slight and expected tendency of the optimum
proof load levels e* towards unity with increasing ft. It is
due to this fact that under reasonable relative expected cost
constraints the optimum proof load level e* will fall with great
likelihood within j:he range of two standard deviations around
the mean value R. From the designer's point of view, this is

desirable, since in general, a considerably greater number of
coupon tests is required for characterizing the truncated
strength distribution with a certain level of statistical con-
fidence if e* falls outside this region. It is noteworthy that
for v = 2.1, EC* is very sensitive to changes of e in certain
regions, such as 0.9 < e < 1.0 and e > 1.1, and for e > 0.97,
EC* is also sensitive to 7. Similar statements hold also for
safety factors different from v = 2.1.

In Figure 4, the relative expected cost EC* is plotted as a
function of the optimum proof load level e* for the same three
values of ft as in Fig. 3. Figure 4 is an extension of Fig. 3 in
that the lines for v = 2.1 give the locus of optimum points
indicated in Fig. 3, whereas the lines for the other values of v
reflect the locus of optimum points of similar curves as those
in Fig. 3.

The first set of curves for ft = 0 in Fig. 4 shows that when
the coupon test is not needed, the relative expected cost EC*
can be made as small as desired simply by decreasing e* and
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increasing the safety factor v, or the weight which, in this case,
is proportional to v. This result is a consequence of the fact
that EC* is here not a function of the cost of coupon tests.
If the cost of coupon testing is considered, i.e., if ft ^ 0 as for
the second and third set of curves in Fig. 4, then the relative
expected cost EC* has a lower limit. This implies that in
such cases a relative expected cost constraint less than this
lower limit yields no feasible solution. It is evident from
Fig. 4 that for ft ^ 0 the absolute optimum proof load level
is, in this case, in the vicinity of e* = 1.0 for ft = 10~5 with
v = 2.2 and for ft = 10~4 with v = 2.1. Additional details re-
garding the influence of the cost of coupon tests on the opti-
mum design are given in Ref. 3.

Table 1 gives specific numerical results for different values
of ft and for specified relative expected cost constraints
EC0*^ It is particularly instructive to compare the results of
the standard optimum design, e* = 0, with those of the opti-
mum design considering the proof load test, i.e., for 7 = 10~7

to 10 ~4. Not only is considerable weight saving (weight is
proportional to h) realized, but also a great reduction of the
probability of failure pf is obtained if the proof load level is
considered as a design variable. The percentage of weight
saving of the optimum design with proof load tests as com-
pared to the design without proof load tests is much higher in
this case than in the examples given in Refs. 2 and 3. This is
because in the present case, the coefficient of variation of the
strength R of the vessel (<rR = 10%) is higher than the co-
efficient of variation of loading (crs = 2%) so that the prob-
ability of failure comes mainly from the lower portion of the
strength distribution which is truncated by the proof load.
In Refs. 2 and 3, low dispersion material (<TR = 5%) is used
for high dispersion loading (<rs = 20%). The fact that the
proof load test improves the statistical confidence of the re-
liability estimate has been discussed in Refs. 2 and 3.

Similar as in Refs. 2 and 3, the conclusion can be drawn here
that the weight saving of the optimum design depends to a
large degree on the parameter value 7. For low values of 7,
one can afford to lose more vessels during proof load testing,
i.e., higher values of e can be applied, thus resulting in higher
strength vessels and saving of structural weight. This fol-
lows from Fig. 4 and also from Table 1.

A general conclusion which can be drawn from the preceding
remarks is that in proof testing structural subsystems it is to
be expected that some of these subsystems are being lost. In
fact, in cases where e > 1.0, it should be expected that ap-
proximately half of these subsystems are destroyed during
proof testing for the achievement of minimum expected cost
EC*. This is often incompatible with prevalent thinking dur-
ing project applications, particularly if the subsystems are
pressure vessels. It is often expected that no pressure vessel
will be destroyed during proof testing and that pressure
vessels are designed to fulfill that expectation. This implies
that pressure vessels are designed for the proof load rather
than the expected mission environment and are proof tested
at a level e which corresponds to the nearly horizontal portion
of the curves for EC* in Fig. 3. As stated previously, proof
loads at such levels have no pay-off in terms of expected cost.

In the developments of this paper various simplifying as-
sumptions were made which may be relaxed in a more exten-

sive study. Nevertheless, it is felt that the results of this
paper are representative and would not undergo major quali-
tative changes if these assumptions were relaxed, although
quantitative changes would be expected.
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